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We investigate the spin-resolved transport properties, such as the linear conductance and the
tunnel magnetoresistance, of a double quantum dot device attached to ferromagnetic leads and look
for signatures of SU(4) symmetry in the Kondo regime. We show that the transport behavior greatly
depends on the magnetic configuration of the device, and the spin-SU(2) as well as the orbital and
spin-SU(4) Kondo effects become generally suppressed when the magnetic configuration of the leads
varies from the antiparallel to the parallel one. Furthermore, a finite spin polarization of the leads
lifts the spin degeneracy and drives the system from the SU(4) to an orbital-SU(2) Kondo state.
We analyze in detail the crossover and show that the Kondo temperature between the two fixed
points has a non-monotonic dependence on the degree of spin polarization of the leads. In terms
of methods used, we characterize transport by using a combination of analytical and numerical
renormalization group approaches.
I. INTRODUCTION
Transport properties of double quantum dots (DQDs)
—the simplest realizations of artificial molecules [1]— re-
veal a plethora of phenomena not present in single quan-
tum dot setups [2–6]. In particular, in the regime of weak
coupling between DQD and external electrodes, the inter-
play of Fermi statistics and charging effects can result in
the Pauli spin blockade effect [7–9]. On the other hand, in
the strong coupling regime, the many-body electron cor-
relations can result in exotic Kondo effects [10–14], such
as the two-stage [14–22] or SU(4) Kondo phenomena [23–
31]. In the latter case, the ground state of the system
needs to exhibit a four-fold degeneracy, which in the case
of DQDs is assured by the spin and orbital degrees of
freedom. In fact, the presence of the SU(4) Kondo effect
in double quantum dots has recently been confirmed ex-
perimentally by A. Keller et al. [32]. By applying Zeeman
and pseudo-Zeeman fields to break the ground state de-
generacy, it was shown that the measured enhancement
of the conductance was indeed due to the formation of
the SU(4)-symmetric Kondo state.
The emergence of the Kondo effect can however be hin-
dered by the presence of external perturbations or cor-
relations in the leads. In particular, when a quantum
dot is attached to ferromagnetic electrodes, the Kondo
effect becomes affected due to the development of an ex-
change field ∆εexch induced by spin-dependent hybridiza-
tion [33–36]. Such an exchange field results in a splitting
similar to the Zeeman splitting in an external magnetic
field [37], still, its sign and magnitude can be tuned by a
gate voltage [38–40]. For single-level quantum dots, when
the exchange field is getting larger than the correspond-
ing Kondo temperature TK , the Kondo resonance starts
∗ weymann@amu.edu.pl
to split. The local density of states exhibits then only
small satellite peaks at energies corresponding to |∆εexch|
[35–37], instead of a pronounced Abrikosov-Suhl reso-
nance [12, 41, 42]. For multi-dot structures, the trans-
port behavior is generally more complex and results from
a subtle interplay of the relevant energy scales, with the
exchange field playing an important role [43, 44].
In this paper we investigate the linear conductance
and the tunnel magnetoresistance in a double quantum
dot device and analyze how transport is affected by the
presence of ferromagnetic electrodes. We construct the
full stability diagram, and identify the regions where
the spin-SU(2), orbital-SU(2) and the full SU(4) Kondo
states develop. The mere presence of the spin polariza-
tion in the leads lifts the spin-degeneracy through the
exchange field, which, at some particular points in the
stability diagram drives the system through a crossover
from an SU(4) to an orbital-SU(2) Kondo state [45]. We
analyze this crossover in detail by using the scaling renor-
malization group (RG) approach [12]. Furthermore, we
investigate the effect of temperature on the linear con-
ductance and identify ways to pinpoint the regions where
Kondo states emerge by analyzing the system’s behavior
in the two possible magnetic configurations of the leads
(parallel or antiparallel). Because an accurate analysis of
such effects requires resorting to nonperturbative meth-
ods, here we employ the numerical renormalization group
(NRG) method [46, 47].
This paper is organized as follows: In Sec. II we
introduce the Hamiltonian of the system under inves-
tigation. The renormalization group analysis for the
SU(4)→ SU(2) crossover together with the scaling equa-
tions that describe the crossover are presented in Sec. III,
while Sec. IV gives details on the NRG procedure and
presents how the quantities of interest, such as the linear
conductance, and computed for different magnetic con-
figurations of the device. Results of the NRG calculations
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FIG. 1. Schematic of a double quantum dot (DQD) system
with ferromagnetic leads. Each dot, with energy level εj and
Coulomb correlation U , is coupled to a pair of left and right
leads with coupling strength Γσrj . The Coulomb correlations
between the dots are denoted by U ′. The magnetizations of
the leads are assumed to form either a parallel (P) or antipar-
allel (AP) magnetic configuration.
for the SU(4) → SU(2) crossover are presented in Sec.
V, whereas the general behavior of linear conductance
and tunnel magnetoresistance is discussed in Sec. VI.
The paper is concluded in Sec. VII.
II. MODEL FOR THE DOUBLE DOT SETUP
The setup we consider consists of two capacitively cou-
pled quantum dots, each one coupled to external leads
(see the sketch in Fig. 1). Each dot is described by the
single impurity Anderson model (SIAM). We denote by
εj , with j = {1, 2}, the energy of an electron residing in
dot j. Each dot can accommodate up to two electrons,
and they interact with each other through an on-site in-
teraction U and an interdot interaction U ′. Their occu-
pation is denoted by njσ = d
†
jσdjσ, with d
†
jσ creating a
spin-σ electron in dot j. The double dot Hamiltonian
then reads
HDQD =
∑
jσ
εjnjσ +
∑
j
Unj↑nj↓
+ U ′(n1↑ + n1↓)(n2↑ + n2↓) . (1)
In the absence of an external magnetic field, B = 0,
if the energy levels are degenerate, i.e. ε1 = ε2, and
when U = U ′, the HDQD Hamiltonian is SU(4) invari-
ant [48, 49]. When the orbital degeneracy is lifted, cor-
responding to a situation when ε1 6= ε2, HDQD remains
SU(2) invariant in the spin sector. For more realistic
situations [32], when U ′/U < 1, the SU(4) symmetry
is in general lost. Still, in this case, the system ex-
hibits a special point in the {ε1, ε2} parameter space
where an emergent SU(4) symmetry can occur [48], i.e.
{ε1, ε2} ≈ {−U ′/2,−U ′/2} [50]. This special point will
be discussed in more detail in Secs. III and V. The dou-
ble dot setup is attached to four external ferromagnetic
leads, modeled as reservoirs of noninteracting quasipar-
ticles,
HLeads =
∑
rjkσ
εrjkσc
†
rjkσcrjkσ . (2)
Here, c†rjkσ is the creation operator for an electron with
momentum k and spin σ in the lead r = {L,R} attached
to dot j. Consequently, the corresponding local density of
states ρσrj becomes spin dependent. Furthermore, this af-
fects the broadening function that describes the coupling
between the dots and the leads, i.e. Γσrj = piρ
σ
rj |vrj |2,
where vrj is the amplitude of the tunneling. The tunnel-
ing Hamiltonian is given by
HTun =
∑
rjkσ
vrj
(
c†rjkσdjσ + d
†
jσcrjkσ
)
. (3)
It is more convenient to express the couplings in terms
of spin polarization of a given lead, prj , as Γ
σ
rj = (1 +
σprj)Γrj , where Γrj = (Γ
↑
rj + Γ
↓
rj)/2. In the present
work, we assume that the magnetizations of the leads are
collinear and can take two configurations: (i) parallel (P)
and (ii) antiparallel (AP). We also consider that the den-
sity of states is flat with the bandwidth given by 2D, and
set D ≡ 1 as the energy unit. The total Hamiltonian de-
scribing the double dot system coupled to ferromagnetic
leads is then given by
H = HDQD +HLeads +HTun. (4)
In the following we will solve it using the Wilson’s NRG
method [46].
III. THE SU(4) TO SU(2) CROSSOVER IN THE
KONDO REGIME
We shall first focus on the special point {ε1, ε2} =
{−U ′/2, U ′/2} that displays the emerging SU(4) physics
(provided U & U ′ [48]) in the limit when the leads are
nonmagnetic. For finite spin polarization of the leads, the
spin degeneracy is lifted, but the orbital SU(2) symmetry
is preserved. So, by changing the polarization of the ex-
ternal leads, it is possible to capture the SU(4)→ SU(2)
crossover. To comprehend the essential physics we map
the Hamiltonian (4) to the Kondo model by projecting
onto the subspace with single occupancy 〈n〉 ' 1 by using
the Schrieffer-Wolff transformation [12]. We assume that
the dots are symmetrically coupled, vLj = vRj = vj and
pLj = pRj = p. We then make a change of basis by per-
forming a unitary transformation on the leads operators
and use an even/odd combination,(
cejkσ
cojkσ
)
=
1√
2
(
1 1
−1 1
)(
cLjkσ
cRjkσ
)
. (5)
In this even-odd basis, the odd channel becomes
decoupled and the double-dot remains coupled only
3(a) (b)
FIG. 2. Second order diagrams contributing to the renormal-
ization of the coupling matrix displaying processes when a
virtual particle is scattered in the upper band edge (a) or a
virtual hole in the lower band edge (b) of the lead electrons.
to the even channel. In what follows, we shall
drop the corresponding subscript, i.e., cejkσ →
cjkσ. We introduce the tensor product notations
(σˆµ ⊗ τˆν)jσ;j′σ′ =
∑
kk′ c
†
jkσσ
µ
σσ′τ
ν
jj′cj′k′σ′ and (Sˆ
µ ⊗
Tˆ ν)jσ;j′σ′ = d
†
jσ (
1
2σ
µ
σσ′)(
1
2τ
ν
jj′) dj′σ′ , where σ
µ =
{I2, σx, σy, σz} are the regular Pauli matrices for µ =
1→ 3 and the unit matrix when µ = 0, acting in the spin
degrees of freedom, and similar for τν but acting on the
orbital part. Then, disregarding the potential scattering,
the anisotropic Kondo Hamiltonian can be written as
HK =
∑
σσ′αα′
jj′ii′
µν
Jµ;νjσ;j′σ′(σˆ
µ⊗ τˆν)jσ;j′σ′(Sˆµ⊗ Tˆ ν)iα;i′α′ . (6)
Altogether there are 15 terms in Eq. (6) and the exchange
couplings Jµ;νjσ;j′σ′ depend on all the parameters of the
original Hamiltonian, i.e. εj , U and Γ
σ
rj . In the limiting
case when U = U ′ and p = 0, it is straightforward to show
that all the couplings are equal J→ J and the charge and
spin contributions combine in an SU(4)-symmetric way.
The 15 = 42 − 1 generators for the SU(4) Lie algebra
are {I2,σ}⊗ {I2, τ}− I2⊗ I2. On the other hand, when
p = 1, i.e. the leads are frozen for example in the spin-↑
state, HK remains SU(2) invariant in the orbital sector.
To capture the crossover we performed the RG analy-
sis [12] for the exchange couplings J in between these two
fixed points. The second-order processes (particle and
hole-like) that renormalize the couplings are displayed in
Fig. 2. Keeping in mind that the polarization of the leads
affects only the spin sector, we can group the couplings
into 5 distinct classes. Furthermore, we define dimension-
less couplings by introducing the local density of states
ρ0 = 1/2D0 as
j1 =ρ0J
µ={0,3};ν 6=0
j↑;j′↑ , j2 = ρ0J
µ={0,3};ν 6=0
j↓;j′↓ ,
j3 = ρ0J
µ={1,2};ν
jσ;j′σ , j4 = ρ0J
3;0
j↑;j↑ , (7)
j5 = ρ0J
3;0
j↓;j↓ ,
subject to initial conditions j01 = j
0
4 = ρ0J
0(1 + p), j02 =
j05 = ρ0J
0(1 − p) and j03 = ρ0J0
√
1− p2, where J0 =
v2
(
1
ε+U − 1ε
)
and v is the isotropic coupling [51]. Here
2D0 is the bandwith for the conduction electrons. To
second order in j, the scaling equations are easily derived
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FIG. 3. (a) The renormalization of the coupling constants as
the bandwidth is changed. We used p = 0.8 and ρ0J
0 = 0.026.
For this choice of parameters, TK/D0 = 6.6× 10−5. (b) The
evolution of TK as a function of spin polarization p.
by progressively reducing the bandwidth D [12] as
dj1
d lnD
= −2j23 − 2j21
dj2
d lnD
= −2j23 − 2j22
dj3
d lnD
= −3
2
j3(j1 + j2)− 1
2
j3(j4 + j5) (8)
dj4
d lnD
= −4j23
dj5
d lnD
= −4j23 .
The SU(4) fixed point is captured by setting p = 0, in
which case the set (8) of equations collapses to a sin-
gle one, i.e. dj/d lnD = −4j2. In contrast, when the
leads are fully polarized, p = 1, the coupling j4 re-
mains marginal while j1 rescales accordingly to the reg-
ular SU(2) Kondo physics, dj1/d lnD = −2j21 . In the
general situation we can solve the RG equations (8) nu-
merically. A typical solution is presented in Fig. 3(a) for
p = 0.8, and as expected all the couplings diverge at the
same characteristic energy scale that can be associated
with the Kondo temperature [12].
In general, in the SU(N) Kondo model [12], apart from
some higher-order corrections [52], the Kondo tempera-
ture is T
SU(N)
K ' D0 e−1/(Nj0). On the other hand, when
the polarization of the leads is changed from p = 0→ 1,
4we double the exchange interaction, so that TK is ex-
pected to remain unchanged. To test this conjecture, we
represent in Fig. 3(b) the evolution of TK with the spin
polarization p of the leads, which indeed shows that TK is
the same at the two fixed points. When U  U ′, depend-
ing on the ratios Γ/U and Γ/U ′, the two characteristic
energy scales, T
SU(2)
K and T
SU(4)
K , can be well separated,
but otherwise the physics remains the same.
To conclude this section, the set (8) of RG equations
describes consistently the SU(4)→ SU(2) crossover and
captures the essential Kondo physics in between the two
fixed points. In Sec. V, we supplement the RG anal-
ysis with more exact numerical renormalization group
calculations [46, 53] and focus on computing measurable
quantities such as the conductance and the tunnel mag-
netoresistance.
IV. NUMERICAL RENORMALIZATION
GROUP AND THE CONDUCTANCE
In this work we are interested in the linear response
transport properties of the system at low enough tem-
peratures such that the electron correlations give rise
to the Kondo effect [10, 12]. The aim, in particular, is
to elucidate the role of spin-dependent tunneling on the
transport properties in the full parameter space, with a
special focus on the SU(4) Kondo regime [23]. In or-
der to achieve this goal in the most accurate manner, we
employ the nonperturbative numerical renormalization
group (NRG) method [46, 53]. In the NRG approach,
the conduction bands of the non-interacting electrons in
the leads are discretized in a logarithmic way with a
discretization parameter Λ (here we use Λ = 2). The
discretized Hamiltonian is then transformed to a tight-
binding chain Hamiltonian with exponentially decaying
hoppings (Wilson chain).
We follow the same strategy as discussed in Sec. III
and use the even-odd basis. In this way each dot is cou-
pled to a single channel – the even channel – with a cou-
pling strength, Γσj = Γ
σ
Lj + Γ
σ
Rj . The NRG Hamiltonian
of the system is
HNRG = HDQD +
∑
jσ
√
Γσj
ρ0pi
(
f†j0σdjσ + d
†
jσfj0σ
)
+
∑
jnσ
ξn
(
f†jnσfjn+1σ + f
†
jn+1σfjnσ
)
. (9)
Here, f†jnσ denotes the creation operator of a spin-σ elec-
tron at site n (n = 0, 1, 2 . . . ) of the jth (j = 1, 2) Wilson
chain and ξn are the respective hopping integrals. This
Hamiltonian is solved iteratively by retaining an appro-
priate number NK of low-energy states at each iteration
(here we keep at least NK = 10
4 states). The discarded
states, on the other hand, form a complete many-body
basis of the whole NRG Hamiltonian [54] and are used
to construct the full density matrix of the system [55].
Along the NRG procedure, one needs to deal with a
large Hilbert space at each step of iteration, therefore it is
crucial to exploit as many symmetries of the NRG Hamil-
tonian as possible. Here we make use of four Abelian
symmetries [56], defined by the generators
Qj =
∑
σ
(
njσ − 12
)
+
∑
nσ
(
f†jnσfjnσ − 12
)
, (10)
Sjz =
1
2
(nj↑ − nj↓) + 1
2
∑
n
(
f†jn↑fjn↑ − f†jn↓fjn↓
)
,
for the total charge and zth spin component of dot and
chain j, respectively. The quantities we are particularly
interested in are (i) the total spectral function
A(ω) =
∑
jσ
Ajσ(ω) = − 1
pi
∑
jσ
ImGRjσ(ω), (11)
with GRjσ(ω) being the Fourier transform of the retarded
Green’s function, GRjσ(t) = −iΘ(t)〈{djσ(t), d†jσ(0)}〉, and
(ii) the linear conductance
G =
e2
h
∑
jσ
4ΓσLjΓ
σ
Rj
ΓσLj + Γ
σ
Rj
∫
dω
(
−∂f(ω)
∂ω
)
piAjσ(ω), (12)
where f(ω) denotes the Fermi-Dirac distribution func-
tion [57, 58]. To get a clear picture, we assume equal
spin polarizations of the leads, prj ≡ p, and equal cou-
pling strengths, Γrj ≡ Γ/2. Then the expression (12) for
the linear conductance reduces to
GAP =
2e2
h
(1− p2)Γ
∫
dω
(
−∂f(ω)
∂ω
)
piAAP(ω), (13)
for the antiparallel (AP) configuration, with AAPj (ω) =
AAPj↑ (ω) = A
AP
j↓ (ω) the spectral function in the AP con-
figuration. As can be seen, GAP is the linear conductance
– up to the prefactor (1−p2) – of a DQD setup with non-
magnetic leads. On the other hand, the conductance in
the parallel (P) configuration is given by
GP =
e2
h
∑
σ
(1 + σp)Γ
∫
dω
(
−∂f(ω)
∂ω
)
piAPσ (ω), (14)
where APjσ(ω) is the spectral function in the parallel
configuration. The difference between the conductances
in both magnetic alignments can be described by the
tunnel magnetoresistance, which is defined as, [59, 60]
TMR = GP/GAP − 1. In the present work we use the
NRG to investigate the full phase space of the model.
However, to connect to the RG results presented in Sec.
III, let us first discuss the SU(4)→ SU(2) crossover and
follow the evolution of the spectral functions as well as
of the conductance, quantities that were not accessible in
the RG approach.
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FIG. 4. The energy dependence of (a) the zero-temperature
spin-up and (b) spin-down spectral function, together with (c)
the linear conductance as a function of temperature calculated
for different spin polarization of the leads, ranging from p = 0
to p = 1 in steps of 0.05 (the arrow indicates the direction
in which p increases), in the SU(4) Kondo regime. The inset
in (b) shows the total spectral function, while the inset in
(c) presents the Kondo temperature as a function of p. The
Kondo temperature is defined by G(T )/G(T = 0) = 1/2.
T
SU(4)
K (≈ 2.8 ·10−4U) denotes the SU(4) Kondo temperature
(in the case of p = 0). The parameters are: U = U ′ = 0.5,
Γ = 0.015, in units of band halfwidth, and ε1 = ε2 = −U ′/2.
V. THE SU(4) TO SU(2) CROSSOVER: NRG
RESULTS
In this section we focus on the SU(4) Kondo regime
and analyze the influence of finite leads’ spin polarization
on the transport properties. We shall present the results
for the spectral functions APσ (ω) as well as for the tem-
perature dependence of the conductance [61]. We will
discuss in detail the case of U = U ′, and later address a
more realistic situation when U > U ′.
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FIG. 5. (a) The energy dependence of the zero-temperature
total spectral function, and (b) the temperature dependence
of the linear conductance calculated for different spin polar-
ization of the leads, as indicated. The inset in (a) shows
the spectral function on the logarithmic scale, while the in-
set in (b) presents the Kondo temperature as a function of
p. The parameters are the same as in Fig. 4 with U = 1 and
U ′ = U/2. Now TSU(4)K /U ≈ 7.5 · 10−5.
An important quantity that captures the crossover
is the normalized spectral function, APσ (ω), whose spin
components are displayed in Figs. 4(a) and (b), respec-
tively. The total spectral function itself, AP(ω), is pre-
sented in the inset of Fig. 4(b). When p = 0, it displays
the regular SU(4) Kondo resonance formed away from
the Fermi level at ω ≈ TSU(4)K . When increasing the spin
polarization its maximum becomes suppressed and moves
toward ω = 0, and when p = 1 the orbital-SU(2) Kondo
resonance is formed at ω = 0.
We can get more information by inspecting the spin-
resolved spectral functions. In the case of spin-up chan-
nel, which belongs to the majority-spin subband, increas-
ing the spin polarization results in an enhancement of the
spectral function to AP↑ (ω → 0) ' 1/piΓ↑. Moreover, the
maximum in AP↑ (ω) gradually shifts to the Fermi energy,
such that for p = 1, only the orbital degree of freedom is
relevant, and the SU(2) Kondo peak becomes symmetric
around ω = 0. On the other hand, AP↓ (ω) exhibits a com-
pletely different behavior. First of all, increasing the spin
polarization results in a decrease of AP↓ (ω). Furthermore,
the maximum in the spin-down spectral function moves
6away from the Fermi energy, due to the development of
the exchange field ∆εexch [33, 34] and this splitting grows
with increasing p. Finally, for p = 1, AP↓ (ω) becomes
completely quenched at low energies.
This distinct behavior of the spectral function is cor-
roborated with a detailed analysis of the temperature
dependence of the linear conductance, which is shown
in Fig. 4(c). At the two fixed points (corresponding to
p = 0 and p = 1), the conductance is a universal function
of T/T
SU(N)
K [23, 32].
Interestingly, despite the fact that the system’s ground
state degeneracy becomes reduced from four-fold to two-
fold, increasing the spin polarization has a rather small
effect on the conductance itself. Its temperature depen-
dence allows us to define the Kondo scale as GP(T =
TK) = G
P(T = 0)/2. The evolution of TK with in-
creasing the spin polarization is presented in the inset
of Fig. 4(c). As previously predicted by the RG equa-
tions, the polarization of the leads has a relatively small
effect on TK and, consequently, T
SU(4)
K ≈ TSU(2)K . We
would however like to note that the difference between
the two Kondo temperatures can be enlarged by reduc-
ing the charge fluctuations, i.e. by decreasing the ratio
of Γ/U .
Let us now analyze a more realistic situation when
U > U ′. Now the two Kondo temperatures TSU(N=2,4)K
are well separated, which allows us to clearly identify
the exchange-field-induced splitting in the conductance
behavior. This can be obtained by properly tuning the
ratio between the couplings and Coulomb correlations.
The energy dependence of the spectral function and the
temperature dependence of the conductance calculated
for Γ/U = 0.015 are shown in Fig. 5. Since T
SU(4)
K is
now much smaller (T
SU(4)
K /U ≈ 7.5 · 10−5), a very small
spin polarization (p & 0.02) is sufficient to suppress the
SU(4) Kondo effect completely [see Fig. 5(a)]. Quite un-
expectedly, the width of the orbital Kondo peak depends
in a nonmonotonic fashion on the degree of spin polar-
ization of the leads [see also the inset in Fig. 5(a)], and
the minimum width occurs around p ≈ 0.1.
This behavior is now clearly reflected in the tempera-
ture dependence of the conductance shown in Fig. 5(b).
The p = 0 curve presents a universal SU(4) conductance
dependence, which then, with increasing p, smoothly
changes to the SU(2) universal curve. Moreover, the ex-
tracted Kondo temperature reveals a nonmonotonic de-
pendence on spin polarization. First, the Kondo temper-
ature quickly drops with p and is much lower than T
SU(4)
K .
Further increase of p, however, results in an enhancement
of the SU(2) Kondo temperature. To understand this en-
hancement, we recall that spin-dependent hybridization
(which grows with p), results in DQD level renormal-
ization, such that the position of the spin-up levels be-
comes effectively lowered. As a consequence, it reduces
the excitation energies for the pseudo-spin-flip processes
responsible for the Kondo effect, leading to an increase
of T
SU(2)
K , such that for p = 1, one may even achieve
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FIG. 6. The linear conductance in (a) the antiparallel and (b)
parallel magnetic configuration and (c) the resulting TMR as
a function of DQD energy levels ε1 and ε2. The dashed lines
in (a) mark the regions where the DQD is in a state (n1,n2)
with n1 (n2) electrons in first (second) dot. The parameters
are: U = 1, U ′ = 0.5, Γ = 0.07, p = 0.4 and T = 10−6.
T
SU(2)
K > T
SU(4)
K , see the inset of Fig. 5(b), which is not
in general obvious.
VI. STABILITY DIAGRAMS AND TUNNEL
MAGNETORESISTANCE
In this section we present results for the low-
temperature linear conductance in the parallel and an-
tiparallel configurations, together with the TMR, calcu-
lated as a function of the double dot energy levels ε1 and
ε2. In Fig. 6 we present a typical stability diagram that
covers the full parameter space, from empty to fully oc-
7cupied DQD. In this section we address only the regime
where U/U ′ = 2.
Let us first discuss the case of the antiparallel mag-
netic configuration shown in Fig. 6(a). The conductance
shows a pattern that closely resembles that of nonmag-
netic DQD system [62]. The dashed lines separate the
equilibrium charged transport domains. When the num-
ber of electrons in each dot is even, the DQD is in a
singlet state, no Kondo effect develops and the observed
low conductance results only from cotunneling processes.
However, when the electron number in either quantum
dot is odd, the electronic correlations can give rise to an
enhanced conductance due to the Kondo effect, provided
the temperature is lower than the Kondo temperature.
In our calculations the assumed temperature is very low,
T ' 10−6U , such that in each Coulomb blockade region
the Kondo effect develops.
As the parameter space is relative large, depending on
the nature of the ground state, several types of the Kondo
effects develop. When the occupancy of one of the dots
is odd, a typical spin-SU(2) Kondo effect develops. This
can be observed in transport regime with the electron
numbers belonging to the set {(1, 0), (0, 1), (2, 1), (1, 2)}
[see Fig. 6(a)], where GAP/(1 − p2) reaches the unitary
limit ≈ 2e2/h. Since there is no direct hopping between
the dots, when every dot is singly occupied, (n1, n2) =
(1, 1) one finds that the SU(2) Kondo effect develops
independently in each quantum dot, such that the total
conductance reaches GAP/(1− p2) ≈ 4e2/h.
The stability diagram allows us to get a better un-
derstanding of how the emergent SU(4) Kondo effect
develops: along the line separating the charge states
(0, 1) ↔ (1, 0), and (2, 1) ↔ (1, 2), besides the spin de-
generacy an additional orbital degeneracy is present and
the ground state is four-fold degenerate. Consequently,
the system exhibits the SU(4) Kondo effect [32]. As we
have seen in Sec. V, the SU(4) Kondo state is better
revealed in the parallel configuration, where the spin de-
generacy is broken.
The conductance in the parallel configuration is pre-
sented in Fig. 6(b) and reveals some huge differences
when compared to the AP configuration. This is due
to the emergence of the exchange field ∆εexch that splits
the levels of the DQD and lifts the spin degeneracy [63].
As a consequence, since the orbital degeneracy is not af-
fected, one observes the orbital-SU(2) Kondo effect along
the lines separating the charge states with occupation
(0, 1) ↔ (1, 0), and (1, 2) ↔ (2, 1) electrons, as well as
(2, 0) ↔ (1, 1) and (1, 1) ↔ (0, 2), see Fig. 6(b). Other-
wise the conductance is generally suppressed except for
some special lines where ∆εexch ≈ 0.
For a single quantum dot [64], ∆εexch ≈
(2pΓ/pi) log |ε/(ε + U)| and vanishes, i.e. ∆εexch ≈ 0,
at the particle-hole symmetry point ε = −U/2. In the
absence of coupling between the two dots, the Kondo
effect in the first (second) dot would be thus present
for ε1 = −U/2 (ε2 = −U/2) for any value of ε2 (ε1),
resulting in straight vertical and horizontal lines in
the (ε1, ε2)-plane of the Kondo-enhanced conductance.
However, in the presence of capacitive coupling between
the dots, the lines become distorted by the inter-dot
Coulomb correlations U ′, as can be seen in Fig. 6(b).
The difference in conductance in the two magnetic con-
figurations is reflected in the TMR, which is shown in
Fig. 6(c). For transport regimes with even occupancy of
each dot, elastic cotunneling processes dominate the cur-
rent and the TMR is given by [65] TMR ≈ 2p2/(1− p2).
For odd occupancy, the Kondo effect is present in the
case of antiparallel configuration, while in the parallel
configuration it is suppressed by the exchange field, such
that GP  GAP and TMR → −1 [39]. On the other
hand, for such values of ε1 and ε2 that the exchange
field vanishes, one has, GAP/GP = 1 − p2, which yields
TMR = p2/(1− p2), a ratio which is valid irrespective of
the SU(2) or SU(4) Kondo regimes.
To understand the influence of ferromagnetic leads on
transport, in the following we will analyze the behav-
ior of the conductance and the TMR as function of spin
polarization of the leads, as well as temperature along
different cuts in the stability diagram. We shall consider
two such cross-sections defined as: (i) ε2 +ε1 = −U ′ and
(ii) ε1 = ε2, in the stability diagram. In what follows we
shall label them cut (line) 1 and 2.
A. Conductance and TMR along cross-sections
The linear conductance in both magnetic configura-
tions and the TMR calculated as a function of ε1 with
ε2 + ε1 = −U ′ for different values of spin polarization
p are shown in Fig. 7. By changing the level posi-
tion, the occupation of the DQD changes from (2, 0) for
ε1 . −U , to (1, 0) for −U . ε1 . −U ′/2, (0, 1) for
−U ′/2 . ε1 . U/2, and to (0, 2) for ε1 & U/2. In
the nonmagnetic lead case, in the odd occupancy regime
the regular spin-SU(2) Kondo effect develops with con-
ductance reaching ≈ 2e2/h, see Fig. 7(a). Moreover,
for ε1 = −U ′/2, an additional orbital degeneracy oc-
curs and the system exhibits the SU(4) Kondo effect,
but the conductance remains G ≈ 2e2/h. These differ-
ent types of the Kondo effects are hardly distinguishable
by the conductance itself when T  {TSU(2)K , TSU(4)K },
as it remains close to the unitary value, G ≈ 2e2/h in
the whole singly occupied DQD regime, see Fig. 7(a).
However, they can be revealed at larger temperatures,
i.e. T & {TSU(2)K , TSU(4)K } or in the case of ferromagnetic
leads.
When p > 0, the conductance gets modified. The be-
havior in the AP configuration is still featureless, simi-
lar to the case of normal leads as GAP(p) = GAP(p =
0)(1 − p2). However, the conductance in the P config-
uration reveals a nontrivial interplay between the spin-
resolved DQD level renormalization and the correlations
bringing about the Kondo effect. With increasing the
spin polarization, the strength of the exchange field in-
creases and once |∆εexch| becomes larger than the corre-
80
1
2 (a) p=0
p=0.05
p=0.1
p=0.15
p=0.2
p=0.3
p=0.4
p=0.5
p=0.6
p=0.7
-1.5 -1 -0.5 0 0.5 1
-1
-0.5
0
0.5
1
1.5
2
(b)
GAP/(1− p2)
G
P
(e
2
/h
)
T
M
R
ε1/U
FIG. 7. (a) The linear conductance in both magnetic config-
urations and (b) the resulting TMR as a function of ε1 with
ε2 = −ε1 − U ′ calculated for different values of leads’ spin
polarization p, as indicated. The conductance in the antipar-
allel configuration is given by the curve for p = 0 multiplied
with a factor of (1 − p2), cf. Eq. (13). The parameters are
the same as in Fig. 6.
sponding Kondo scale, the conductance drops. This can
be observed in the whole odd occupation regime shown
in Fig. 7, i.e. for −U . ε1 . U/2, except for some special
values of the level position where, again, ∆εexch ≈ 0. For
ε1 ≈ −U/2, the exchange field in the first dot vanishes,
while for ε1 = 0 (corresponding to ε2 ≈ −U/2) the ex-
change field in the second dot vanishes. As a result, the
total conductance reveals two peaks for ε1 ≈ {−U/2, 0}
with an almost unitary conductance GP ≈ 2e2/h. The
height of these peaks remains almost constant, but their
width depends on p, as the exchange field increases with
p, and a smaller detuning is needed for the condition
|∆εexch| & TSU(2)K to be fulfilled. In addition, a spin-
polarization independent resonance is also present for
ε1 = −U ′/2 (note that then ε2 = ε1). This is exactly
the special point we have analyzed in Sec. III that shows
the SU(4) to SU(2) crossover. Although the maximum
value of conductance does not depend at this point on the
polarization p, the system’s ground state does change.
For p = 0, it exhibits four-fold degeneracy, which be-
comes reduced to two-fold degeneracy when increasing
spin polarization. Consequently, the SU(4) Kondo ef-
fect becomes reduced to the orbital SU(2) Kondo ef-
fect once |∆εexch| & TSU(4)K . The width of the reso-
nance for ε1 ≈ −U ′/2 is determined by the condition
|∆ε| ≈ TSU(2)K [66], where ∆ε = ε2 − ε1 corresponds to
the pseudo-Zeeman splitting.
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FIG. 8. (a) The linear conductance in both magnetic configu-
rations and (b) the resulting TMR as a function of ε1 = ε2 ≡ ε
calculated for different values of leads’ spin polarization p, as
indicated. The inset shows the zoom into the transport regime
around ε = −U/2 − U ′. The conductance in the antiparallel
configuration is given by the curve for p = 0 multiplied with a
factor of (1− p2), cf. Eq. (13). The parameters are the same
as in Fig. 6.
The ε1-dependence of the TMR for different spin po-
larizations along the first cut we consider is shown in
Fig. 7(b). The transport regimes discussed above are
clearly visible. In the even occupation regime the TMR
is given by TMR = 2p2/(1−p2), while in the case of odd
DQD occupation, the TMR drops to TMR = −1 with
increasing p, except for ε1 = −U/2, ε1 = −U ′/2 and
ε1 = 0, where TMR = p
2/(1− p2).
Let us now analyze the transport behavior along the
second cut, where ε1 = ε2 ≡ ε. Along this line, when
ε & 0, the DQD is empty, for −U ′ . ε . 0 it is singly oc-
cupied, for −U −U ′ . ε . −U ′ two electrons occupy the
DQD, when −2U . ε . −U−U ′ there are three electrons
in the DQD, while for ε . −2U the DQD is fully occupied
with four electrons. In the odd occupation regime, the
ground state has four-fold degeneracy and the system ex-
hibits the SU(4) Kondo effect in the case of nonmagnetic
leads. A plateau of G ≈ 2e2/h associated with the SU(4)
Kondo effect is hardly visible as a function of ε, see the
curve for p = 0 in Fig. 8(a). This is because of a relatively
large Γ/U ratio considered in calculations and the usual
spin SU(2) Kondo effect, which develops in both quan-
tum dots yielding G = 4e2/h in the two-electron regime
in the case of p = 0. For finite p, in the parallel con-
figuration the conductance becomes however suppressed,
except for ε ≈ −U/2 − U ′, cf. Fig. 6(b), where the ex-
change field cancels and the Kondo phenomenon can de-
9velop. Moreover, the two plateaus in the odd-electron
regime, associated with the orbital SU(2) Kondo effect,
are clearly visible, see e.g. the case of p = 0.7 in Fig. 8(a).
This confirms that for p = 0, i.e. in the absence of level
spin-splitting, the ground state of the system was indeed
four-fold degenerate.
Another feature in the ε-dependence of the conduc-
tance can be seen around ε = −U/2 − U ′ for finite
p, see Fig. 8(a). As already mentioned, when ε ≈
−U/2 − U ′, the exchange field vanishes and one should
observe the Kondo effect. However, instead of a peak at
ε ≈ −U/2 − U ′, with increasing p, a dip develops with
two small satellite peaks. This effect is associated with
an interplay between finite temperature, exchange field
and the Kondo temperature. First of all, one should note
that exchange field can be tuned not only by changing the
DQD levels (by inducing detuning from ε = −U/2−U ′),
but it also grows with spin polarization [64]. Thus, for
larger p, a smaller detuning from the point ε = −U/2−U ′
is needed to suppress the Kondo-enhanced conductance,
see the width of GP in the inset in Fig. 8. On the other
hand, increasing the spin polarization results in lower-
ing of the corresponding Kondo temperature [33] and,
once TK . T , the conductance becomes suppressed at
ε = −U/2 − U ′. The crucial observation is that TK
also depends on detuning from the particle-hole symme-
try point ε = −U/2− U ′ and grows with increasing this
detuning. As a consequence, small side peaks, on either
side of ε = −U/2 − U ′, develop in GP for such values
of ε that TK ≈ T . Note that these peaks are visible as
long as TK & |∆εexch|, and once this condition is not met
any more, which happens for even larger p, GP becomes
suppressed.
The corresponding dependence of the TMR is shown
in Fig. 8(b). In this figure one can clearly identify all the
TMR values discussed earlier. In the empty and fully
occupied DQD regime, the elastic cotunneling gives rise
to TMR = 2p2/(1 − p2). In the odd occupation regime,
the TMR value drops by a factor of 2, while in the case
of −U −U ′ < ε < −U ′ the TMR is generally suppressed
by the exchange field, TMR→ −1, except for the middle
of the Coulomb diamond, i.e. around ε = −U/2 − U ′.
There, for large spin polarization, the TMR displays two
peaks on either side of ε = −U/2 − U ′, see the inset
in Fig. 8(b), resulting from the corresponding peaks in
GP . The finite temperature effects visible in Fig. 8 lead
our discussion to the analysis of transport properties at
different temperatures. This is presented in the next sec-
tion.
B. Finite temperature effects
In this section we discuss the effect of the tempera-
ture on the linear conductance and TMR. For that we
evaluated the conductance in both AP and P magnetic
configurations at various temperatures along the two cuts
discussed in Sec. VI A. In Fig. 9 we display the evolution
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FIG. 9. The linear conductance in (a) the antiparallel and (b)
parallel magnetic configurations, as well as (c) the resulting
TMR as a function of ε1 with ε2 = −ε1 − U ′ calculated for
different temperatures, as indicated. The other parameters
are the same as in Fig. 6.
of the conductance along the first cross-section, ε1 with
ε2 + ε1 = −U ′.
At low temperatures, i.e. T . {TSU(4)K , TSU(2)K },
the conductance in the antiparallel configuration ex-
hibits a plateau in the singly occupied DQD transport
regime [67]. This plateau changes when the tempera-
ture is increased. First, the conductance becomes sup-
pressed in the SU(2) Kondo regime, and at some inter-
mediate temperature, T
SU(4)
K & T & T
SU(2)
K , the reso-
nances at ε1 ≈ −U and ε1 ≈ U/2 survive, together with
the SU(4) Kondo peak at ε1 ≈ −U ′/2. From their tem-
perature dependence one can also estimate the Kondo
temperatures: In the middle of the spin SU(2) Kondo
valley and for parameters assumed in Fig. 9(a) one finds,
T
SU(2)
K /U ≈ 8.96 · 10−4, while the SU(4) Kondo temper-
ature for ε1 ≈ −U ′/2 is, TSU(4)K /U ≈ 0.044.
On the other hand, the evolution of GP(T ) along the
first cut is completely different: The Kondo plateau is
not present at low temperatures, but only some narrow
peaks occur at some specific values of ε1. It is obvious
that the ones occurring at ε1 ≈ −U/2 and ε1 ≈ 0 are
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FIG. 10. The linear conductance in (a) the antiparallel
and (b) parallel magnetic configurations, as well as (c) the
resulting TMR as a function of ε1 = ε2 ≡ ε calculated for
different temperatures, as indicated. The other parameters
are the same as in Fig. 6.
associated with the spin-SU(2) Kondo effect [68]. Note
that in the case of finite p, the Kondo temperature de-
creases with increasing spin polarization [33]. Although,
based on the previous analysis, we can safely attribute
the feature at ε1 ≈ −U ′/2 to the SU(4) Kondo effect,
from the evolution of GP itself it is not that straightfor-
ward to decide what type of correlations causes the con-
ductance enhancement: If |∆εexch| . TSU(4)K , then the
SU(4) nature of the ground state is relevant, whereas for
|∆εexch| & TSU(4)K , the spin degeneracy is lifted and only
the orbital degrees of freedom are degenerate, resulting
in orbital Kondo effect. In fact, for parameters assumed
in Fig. 9(b), the strength of the exchange field is compa-
rable to T
SU(4)
K .
The effects of finite temperature on transport behavior
along the second cut we considered (ε1 = ε2 ≡ ε) are pre-
sented in Fig. 10. In the case of antiparallel configuration,
the conductance in the middle Coulomb blockade regime
becomes quickly suppressed with increasing temperature.
However, in the SU(4) Kondo regime, the dependence of
G on T is weak in the considered temperature range, since
(a)	
(b)	
(c)	
FIG. 11. (a) The linear conductance in the mixed antipar-
allel configuration and (b) the TMR as a function of DQD
energy levels. The parameters are same as in Fig. 6. In the
mixed antiparallel configuration, the magnetization of one of
the leads attached to the first dot is opposite to the other
leads’ magnetizations.
even for the highest temperature considered T . TSU(4)K .
A similar tendency can be observed in the case of paral-
lel alignment. A strong temperature dependence is only
revealed for the Kondo peak at ε1 = −U/2−U ′, while in
the other transport regimes the linear conductance only
weakly depends on T .
Finally, the TMR evaluated at various temperatures
along the two cross-sections is shown in Figs. 9(c) and
10(c). In these figures one can clearly identify all the
TMR values discussed earlier. The general conclusion is
that with increasing the temperature, TMR extrema be-
come suppressed, such that in the very high temperature
limit (T & U , not shown), the TMR would be indepen-
dent of ε1 and ε2, i.e. TMR ≈ p2/(1− p2) [39].
C. Ferromagnets with different coercive fields
In this section we discuss the magnetoresistive prop-
erties of the device assuming an experimentally relevant
situation, when the coercive fields of the ferromagnetic
electrodes are different. For sufficiently strong magnetic
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field (but still much smaller then the field necessary to
induce a considerable Zeeman splitting), the magnetiza-
tions of all electrodes are aligned (parallel configuration).
So far in our analysis we have assumed that there is a
difference between coercive fields of the left and right
electrodes, such that at certain field the leads on one
side of the junction flip their magnetizations and the an-
tiparallel configuration occurs, see Fig. 1. However, it
may happen that only one of the electrodes flips its mag-
netic moment, resulting in a mixed antiparallel configu-
ration: For example the leads coupled to the first dot are
in the antiparallel, while the leads attached to the sec-
ond one are in the parallel magnetic configuration. The
transport characteristics for such a situation are shown
in Fig. 11. One can still identify charged stability regions
separated by lines with large conductance: When chang-
ing ε1 the system exhibits a Kondo plateau (visible in
the transport regions for ε2 . −U − U ′ and ε2 & −U ′),
while as a function of ε2 the characteristic suppression
of the Kondo resonance by the exchange field occurs, see
Fig. 11(a). The total conductance shows then an en-
hancement to GAP = 4e2(1 − p2/2)/h for such position
of the DQD levels that the exchange field on the second
dot vanishes. The whole DQD level dependence of con-
ductance in the mixed configuration can be understood
based on the analysis presented in Sec. VI A, and it re-
sults in the associated behavior of the TMR, which is
shown in Fig. 11(b).
VII. CONCLUSIONS
In this paper we studied the linear-response transport
properties of double quantum dot system coupled to fer-
romagnetic leads in the Kondo regime. The emphasis
was put on the transport regime where the system ex-
hibits the SU(4) Kondo effect, which was thoroughly
studied against different material parameters of ferro-
magnetic contacts and magnetic configurations of the
device. The calculations were performed with the non-
perturbative numerical renormalization group method
and supplemented by an RG analysis to describe the
SU(4) to SU(2) crossover. We demonstrated that the
transport behavior becomes greatly modified when the
magnetic configuration of the device changes from the
antiparallel to the parallel one, which is a direct conse-
quence of the exchange field induced DQD level splitting.
This splitting generally breaks the spin-SU(2) invariance,
such that the system exhibits the orbital-SU(2) Kondo
effect in corresponding transport regimes.
We systematically investigated the evolution of the
spectral functions from the SU(4) to the orbital-SU(2)
Kondo regime upon increasing the leads’ spin polariza-
tion p. Interestingly, the corresponding Kondo tempera-
ture reveals then a nonmonotonic dependence on p. First,
with increasing spin polarization, the Kondo tempera-
ture drops, which is related to the reduction of the four-
fold degeneracy to the two-fold one. However, further
increase of p results in an enhancement of the orbital
Kondo temperature, such that for large spin polarization
it may even exceed the SU(4) Kondo temperature. This
behavior is completely different compared to the single
quantum dot case when monotonic dependence of the
spin-SU(2) Kondo temperature on spin polarization was
predicted at the particle-hole symmetry point [33].
Finally, we also analyzed the magnetoresistive prop-
erties of the device in the case when the ferromagnets
have different coercive fields, such that mixed antiparal-
lel configuration is formed. In such a case the transport
behavior is a result of contributions from the parallel and
antiparallel configurations of both quantum dots.
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